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Crystallization kinetics of para-xylene in batch pilot-scale scraped-surface crystallizers
were determined for commercial crystallization of a xylene mixture currently produced in
Amoco plants. Dynamic mass and energy balances, coupled with the dynamic popula-
tion balance, were used to model the scraped-surface crystallizer. The model assumes
that crystal nucleation occurs at the walls of the crystallizer and crystal growth occurs in
the bulk. The parameters in the kinetic models were estimated from online measure-
ments of bulk temperature and slurry transmittance. Concentration measurements show

( )that the xylene mixture is always saturated supersaturation is essentially zero during all
crystallization runs. Therefore, a reduced, two-parameter, high growth rate model was
de®eloped to describe these crystallizers. The kinetic parameters were correlated highly
for the reduced model. A new batch experiment with an alternati®e temperature profile
was determined that remo®es the correlation and allows both parameters to be deter-
mined uniquely.

Introduction
Xylene mixtures, consisting of ortho-xylene, para-xylene,

meta-xylene, and ethyl-benzene, are produced mainly from
petroleum. Selected naphtha streams from reformed
petroleum are used to produce the xylene mixture. Para-
xylene is a base chemical for the production of terephthalic

Ž . Ž .acid TPA and dimethylterephthalate DMT . These prod-
ucts are used for the production of fiber, films, and polyeth-

Ž .yleneterephthalate PET bottle manufacturing.
Many physical properties of the individual xylene isomers

are similar. Consequently, the production of individual xy-
lene isomers of high purity is difficult. Crystallization is one
of the practical methods for the commercial production of
pure para-xylene. Several commercial crystallization pro-
cesses have been developed to separate para-xylene from its
isomer mixture, often named after the company that applied

Žthe process. Among these is the Amoco process Lammers,
.1965; Spiller, 1958; Hoff, 1957 , which is studied in this work.

Other processes, such as the Chevron, Arco, Phillips and
Exxon processes, are described in more detail by Ransley

Correspondence concerning this article should be addressed to J. B. Rawlings.

Ž . Ž .1984 and Arkenbout 1995 . The Amoco process is shown in
Figure 1. The Amoco process uses two or more scraped-

Ž .surface crystallizers SSCs in the first stage to bring the tem-
perature of the xylene mixture to the para-xylenermeta-xylene
eutectic point. The first-stage crystallization process is fol-
lowed by a solid-liquid separation process using centrifuges.

Ž .The cold xylene filtrate usually called the mother liquor from
the first stage cools the feedstream and is sent to the isomer-
ization process. To achieve the maximum production rate
from a certain feedstock, the first-stage mother liquor should
contain the eutectic para-xylenermeta-xylene concentration.
The solid cake para-xylene crystals and the adherent mother
liquor are melted and pumped to the second-stage crystal-
lizer. The product from the second-stage crystallizer is
pumped to the final centrifuges. A portion of the second-stage
mother liquor is returned to the second-stage crystallizers to
control the solids concentration and the remainder is pumped
with the feed to the first-stage crystallizers. The cake from
the second-stage crystallizer is melted to form the final para-
xylene product. This process described in Figure 1, however,
is not necessarily practiced commercially today. As the costs
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Figure 1. Amoco para-xylene crystallization process.

for melting the cake from the first stage and using second-
stage crystallization become higher, process alternatives be-
come attractive. One alternative is to re-slurry the first-stage
cake with a higher purity para-xylene stream coming from a

Ž .later stage of purification Cannella, 1998 .
All the above mentioned crystallization processes use an

indirect cooling method and all are based on suspension crys-
tallization from the melt rather than layer crystallization. Re-
cently, a commercialized layer crystallization process from
Sulzer Chemtech has been developed to separate para-xylene
using heat pump crystallizers. However, the new Sulzer
Chemtech technology has a restriction on the feed composi-
tion that it should contain more than 80 wt. % para-xylene,
compared to the usual feedstock to the first crystallization
stage of about 20 to 25 wt. % para-xylene. Therefore, the
layer crystallization technique can be augmented to existing
separation plants to increase the final para-xylene purity to

Ž .99.9 wt. % Jans and Fischer, 1996 .
Pure para-xylene crystals can be separated in one stage

since para-xylene forms a eutectic with meta-xylene. How-
ever, the separation of the mother liquor from the para-xylene
crystals is difficult and is greatly influenced by the crystal-size
density, and so the process variables governing nucleation and
growth are of importance. Understanding and improving the
crystallization process leads to a better solid-liquid separa-
tion process. Even with new alternatives such as the re-slurry-
ing step instead of the second-stage crystallizers, controlling
the crystal size density from the first stage is still of impor-
tance.

The SSC has been treated in the literature as a type of
Ž . Ž .scraped-surface heat exchanger SSHE Harrod, 1986 .¨ ¨

SSHEs are fitted with blades that continuously scrape the
heat exchange surface to minimize fouling and to improve
heat-transfer rates. The difference between SSCs and heat
exchangers is that a phase change from liquid to solid occurs
in the SSC. The formation of the solid layer on the wall of
the SSC affects the heat-transfer rate. Scraping the solid layer
and transferring solid to the bulk of the crystallizer affects
the hydrodynamic and power requirements. Typical examples
of the application of SSCs in the chemical industry are the

separation of para-xylene from xylene mixtures and the sepa-
ration of chlorinated benzenes. In the food industry, SSCs
are used in the production of ice cream and margarine.

In this work, we first discuss the literature regarding SSCs
with phase change on the processing side. Review articles on
SSHEs without phase change are provided by Abichandani et

Ž . Ž .al. 1987 and Harrod 1986 . Other relevant literature covers¨ ¨
Žthe theoretical and empirical models of heat transfer Trom-

¨ .melen et al., 1971; Orvos et al., 1994; Harrod, 1990 , flow¨ ¨ ¨
Ž .patterns and hydrodynamics Trommelen and Beek, 1971a ,

Ž .residence time distribution Bott et al., 1968 , and power re-
Ž .quirements Trommelen and Beek, 1971b .

Ž .de Goede and de Jong 1993 studied heat-transfer issues
Žin a continuous bench-scale 0.07 m outside diameter and 1

.m length SSC for a xylene mixture produced by Exxon. Two
scraper speeds were investigated in the turbulent flow regime,
30 and 60 rpm. The experimental data showed that the heat-
transfer coefficient depends strongly on the rotational speed
of the scrapers. Generation of vortices at high rotational
scraper speeds has been confirmed by computer simulation

Ž .and experimental flow visualization. Ay et al. 1979 reported
the heat-transfer coefficient of a SSC operating with a mix-
ture of 60% para-nitroacetophenone and 40% para-
nitroethylbenzene. The heat-transfer coefficient has been
measured as a function of the slurry density at different
scraper speeds. The model assumes that the melt is in equi-
librium with the solid crystals and the crystals only form as a
layer on the walls of the crystallizer. The model did not in-
clude growth and nucleation rate kinetics. Another study by

Ž .Weisser 1975 used a bench-scale SSC to study the heat
transfer inside the crystallizer. The results correlate the Nus-
selt number as a function of Reynolds and Prandtl numbers
and the number of scrapers. The empirical formula takes the

Ž .phase change into consideration. Nerlich et al. 1981 studied
the effect of the operating conditions on mass- and heat-
transfer processes in crystallization of para-xylene. A contin-
uous industrial scale SSC of 140 m3 was used for this study.
The linear crystal growth rate was calculated using a steady-
state mixed suspension mixed-product removal model. The
growth rate was found to depend on the suspension density.
Formation of a crystal layer on the walls of the SSC was taken
into consideration to calculate the internal heat-transfer co-

Ž .efficient. Russel and Bongers 1997 developed a model for
Ž .an ice cream SSC called a freezer in the original article .

The model considered the SSC as a series of well-mixed stages
using mass and energy balance equations. The model was not
presented in the work, but the simulations show good predic-
tion of the product temperature and mechanical dissipation
due to shaft rotation and heat transfer.

Crystallization of para-xylene from pure melt or from iso-
mer mixtures has been analyzed in the literature. de Goede

Ž .and van Rosmalen 1990ab studied the growth of single
para-xylene crystals in a small cell. The growth rate was de-
termined by taking photographs at constant time intervals.
They studied the growth rate from pure para-xylene melt and
from binary mixtures of 70% para-xylene and 30% other hy-
drocarbons such as meta-xylene, ortho-xylene, ethylene, ben-
zene, and toluene. They also studied the growth rate in a
multicomponent mixture with a freezing point from y20 to
y30�C. The proposed growth rate expression considered the
heat and mass transfer and surface reaction steps.
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Table 1. Physical Properties of Para-Xylene Used in Eq. 1

Freezing Heat of Fusion Heat Capacity
y1 y1 y1w x w x w xComponent Point K J �mol J �mol �K

para-xylene 286.4 17113 24.3

Ž .From Mullin 1993 .

Solubility data for para-xylene in xylene mixtures are calcu-
lated based on the assumption that the xylene mixture be-
haves as an ideal solution and the crystallized solid phase is
pure para-xylene. The presence of nonxylene compounds like
toluene is considered to behave similarly to the other xylene

Ž .compounds McKay et al., 1966 . The experimental data pro-
Ž .vided by Haddon and Johnson 1964 and Porter and John-

Ž .son 1967 show that para-xylene has nonideal behavior and
its solubility deviates from the solubility predicted by the cor-
relation based on an ideal solution. Within the studied range
of temperatures in the present work, we have found that
para-xylene solubility can be predicted by the following equa-

Ž .tion Hildebrand et al., 1970

� H �C �C1 T T Tf p pm m m
ln s y1 y y1 q lnž / ž / ž / ž /N RT T R T R Tm

1Ž .

where N is the mol fraction of para-xylene in the mixture at
Ž .absolute temperature T K , � H is the latent heat of fusionf

Ž y1. Ž .J �mol , T is the melting point K , �C is the differencem p
Ž y1in heat capacities of the solid and the liquid phase J �mol �

y1.K , and R is the gas constant. The physical properties for
Ž .para-xylene are shown in Table 1, Mullin 1993 .

The literature on SSCs can be summarized as follows:
� Heat-transfer issues are the most commonly studied.
� There are a few studies on the growth rate kinetics of

para-xylene, but little has been mentioned regarding nucle-
ation kinetics.

� The dynamic population balance approach has not been
applied to para-xylene crystallization kinetics.

The objective of this work is to model SSCs incorporating
both crystal nucleation and growth kinetics. Crystallization is
described in terms of dynamic mass and energy balances,
coupled with the dynamic population balance that describes

Ž .the particle-size density PSD of the population of crystals in
the continuous phase of a well-mixed heterogeneous system.
A nonlinear parameter estimation routine is used to estimate
the nucleation rate and growth rate kinetic parameters.

Experimental Apparatus
The experiments are carried out in a pilot plant, 10 gal.,

nickel-chromium, SSC shown in Figure 2. The SSC has a
width to height ratio of 0.25. Scraper blades are mounted on
a central shaft and are pressed against the crystallizer’s wall.
The shaft rotates at a constant speed of 12 rpm.

The alcohol-water coolant mixture passes through the
jacket of the crystallizer and has a freezing point below 193
K. A spiral partition wall is inserted in the jacket in order to
keep a large flowing speed through the jacket for better heat
transfer. Fresh coolant is mixed with part of the outlet jacket

Figure 2. Pilot-plant para-xylene crystallization pro-
cess.

stream before returning to the jacket of the crystallizer. Ex-
cess coolant is purged from the jacket circuit at the outlet of
the jacket. The fresh coolant flow rate coming from the
coolant supply is measured and controlled by a Prowirl 70
vortex flowmeter and microprocessor. The crystallizer and
piping are thermally insulated. A transmittance measurement

Ž .is provided by an in situ colorimeter probe Brinkman that is
mounted in the slurry recirculation loop. The incident light
from the transmitting light fiber on one side of the tube is
projected perpendicular through the flowing slurry. The re-

Ž .ceiving light fiber opposite the incident light beam takes the
transmitted light beam and sends it to the colorimeter. The
distance the light beam travels through the slurry is 2 mm.
Temperature measurement is provided by in situ resistance

Ž . Ž .temperature detectors RTD installed in the middle T1 and
Ž . Ž .top T2 of the crystallizer, the slurry recirculation loop T3 ,

Ž . Ž .and the inlet T4 and outlet T5 jacket temperatures. A typ-
ical temperature-time data set is shown in Figure 3. The dif-
ference between the middle temperature and the top temper-
ature is less than 0.1 K and the maximum difference between

Figure 3. Typical collected temperature data from the
pilot-plant scraped-surface crystallizer: run
15.
Cooling rates 0.11 K � miny1.
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the middle and recirculation temperature is not more than
0.2 K. Therefore, the temperature is assumed to be homoge-
neous in the crystallizer and the modeling in this work is based
on the middle temperature T1. The small difference between
the three temperature measurements T1, T2, and T3 shows
good mixing conditions inside the crystallizer. The outlet
jacket temperature is warmer than the inlet jacket tempera-
ture by 0.4 to 0.8 K. Since the difference is not large, the
outlet jacket temperature is accepted to be the jacket tem-
perature in the simulations. The fresh coolant is injected into
the jacket circuit at an absolute temperature of approxi-
mately 193 K. The absolute temperature of the coolant exit
stream is approximately 201 K. The middle temperature T1
inside the crystallizer is controlled by a cascade controller.
The master controller uses T1 as a measurement and changes
the set point for the inlet coolant temperature to the slave
controller. The slave controller uses the inlet jacket tempera-
ture as a measurement and manipulates the fresh coolant flow
rate coming from a chiller to the jacket circuit.

The crystallization experiments are carried out using a
feedstock that has an approximate composition of 25 wt. %
para-xylene, 45 wt. % meta-xylene, 18 wt. % ortho-xylene, 8
wt. % ethylbenzene, and 4 wt. % other hydrocarbons. This
feedstock has a saturation temperature of approximately 238

Ž .K the temperature at which the crystals are first formed .
Toluene concentration is kept at less than 0.7 wt. % for final

Ž .product purity requirements de Goede, 1988 . Molecular
sieves are used to reduce the water content in the feedstock
to less than 200 ppm. For safety reasons and to avoid any
oxidation of the xylene mixture, an inert nitrogen gas blanket
is provided inside the crystallizer and the feed tank. The
para-xylene concentrations are measured using gas chro-

Ž .matography GC . Figure 2 shows where the samples are
drawn off. A sampling tube extends through the wall of the
crystallizer. A micro-metallic filter is welded to the tube on
the inner side of the crystallizer to avoid intake of the solid
crystals with mother liquor. A hand pump is attached to the
other side where the samples are collected. Samples are taken
at the start and at different times during the experiments.
Typical concentration data are shown in Figure 4. The equi-

Ž .librium concentration solid line is calculated from Eq. 1.

( )Figure 4. Experimental gas chromatography GC mea-
( )surements symbols vs. equilibrium concen-

( )tration solid line, Eq. 1 for three different
runs.

These concentration data will be used later for model reduc-
tion.

All the experiments are done in batch mode where a cer-
tain weight of the xylene mixture is introduced to the crystal-
lizer at the beginning of the crystallization run. The crystal-
lization is cooled down to 3 K above the saturation tempera-
ture and then the desired cooling ramp is applied. The cool-

y1 Ž y1.ing rate used in this study is 0.11 K �min 0.2�F �min .
All the temperatures, the coolant fresh flow rate and the
transmittance measurements are recorded and sent to a main
computer with a sampling time of 10 s.

Model Formulation and Solution
The PSD of a slurry in a batch SSC is modeled by the

Ž .population balance equation PBE similar to that presented
Ž .by Miller and Rawlings 1994 . The PBE is a partial differen-

tial equation in time t and crystal size L

� f L, t � f L, tŽ . Ž .
syG 2Ž .

� t � L

Ž .in which f L, t is the PSD and G is the size-independent
crystal growth rate.

The solution phase concentration in the crystallizer is de-
scribed by a mass balance of the crystallizing solute, para-
xylene

ˆdC �
2sy3� k hG f L, t L dL 3Ž . Ž .Hc ®dt 0

ˆ Žin which C is the concentration mass of para-xylene per to-
.tal mass of the mother liquor , � is the crystal density, k isc ®

the volume shape factor converting L3 into crystal volume,
and h converts solvent mass to slurry volume. For these ex-
periments, the volume shape factor is 1.

The bulk temperature can be predicted from an energy
balance on the SSC

dT �
2�VC sy3� H � k VG f L, t L dLyUA TyT tŽ . Ž .Hp c c ® jdt 0

4Ž .

in which T is the bulk temperature, � is the slurry density, V
is the slurry volume, C is the heat capacity of the slurry,p
� H is the heat of crystallization which is assumed to be con-c
stant, U is the overall heat-transfer coefficient, A is the sur-

Ž .face area available for heat transfer, and T t is the time-de-j
pendent outlet jacket temperature. Equation 4 shows that the
energy balance is a function of two independent processes:
internal heat generation due to crystallization and heat re-
moval by the coolant in the jacket. An average value for U is
calculated from the experimental data and found to be 5,085
W �my2 �Ky1.

The kinetic expressions are taken to be empirical power
laws in supersaturation. It is assumed in this model that nu-
cleation is mainly occurring on the wall of the crystallizer due
to the high-temperature difference between the coolant and
the bulk, while growth occurs in the bulk. Therefore, the
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driving force for nucleation is the difference between the bulk
concentration and the saturation concentration calculated at
the wall temperature. It is assumed that the wall temperature
is the same as the jacket temperature, because the values of
the heat conductivities of the material of construction and
the para-xylene layer on the wall are 12.75 W �my1�Ky1 and
0.29 W �my1�Ky1, respectively. Also, the resistance through
the 8 mm thick wall is negligible compared to the heat trans-
fer through the bulk. The para-xylene forms a uniform layer
on the wall with an average thickness of 0.5 mm. This sug-
gests that the wall resistance can be neglected and the wall
temperature can be taken as the jacket temperature. The nu-
cleation kinetics are described by the following empirical ex-
pression

b
ˆ ˆCyC T tŽ .sat j

Bsk 5Ž .b ½ 5Ĉ T tŽ .sat j

The driving force for the growth rate is the difference be-
tween the bulk concentration and the saturation concentra-
tion calculated at the bulk temperature. The growth kinetics
are described by

g
ˆ ˆ w xCyC T tŽ .sat

Gsk 6Ž .g ½ 5ˆ w xC T tŽ .sat

The parameters k , b, k , and g are inferred from experi-b g
mental data.

The Beer-Lambert law is used to relate the transmittance
measurement to the second moment of the PSD

I lk �a 2sexp y f L, t L dL 7Ž . Ž .HI 2 00

I is the intensity of the light transmitted through the slurry,
I is the intensity of the incident light, l is the beam length0
Ž .m , and k is the area shape factor. For these experiments,a
the area shape factor is 6.

The zero-size boundary condition for Eq. 2 is defined as

B
f 0, t s 8Ž . Ž .

GNLs0

The PBE Eq. 2 is solved using the method of moments.
Ž .Matthews 1997 provides a complete description of the batch

crystallizer model. The ith moment of the PSD is defined as

�
i� s f L, t L dL 9Ž . Ž .Hi

0

The general batch crystallizer model Eqs. 2, 3 and 4 re-
quire the first four moments to be determined

d�0
sB for is0 10aŽ .

dt

d�i
s iG� for is1, 2, 3 10bŽ .iy1dt

Žand the integral terms in the mass and energy balances Eqs.
. Ž .3 and 4 , and the Beer-Lambert law Eq. 7 are replaced by

� . The initial conditions for moments, mass and energy bal-2
ances, respectively, are

� t s0, ts0 for is0, 1, 2, 3 11aŽ . Ž .i

ˆ ˆC t sC , ts0 11bŽ . Ž .0

T t sT , ts0 11cŽ . Ž .0

The zeroth and first moments are the total number of parti-
cles and their total length, respectively. The second and third
moments are proportional to the total crystal surface area
and volume, respectively.

Initial Estimation of Kinetic Parameters
The kinetic parameters in Eqs. 5 and 6 are estimated from

experimental data collected for the para-xylene system by
Ž .posing a nonlinear program NLP with a maximum likeli-

Žhood objective function Matthews and Rawlings, 1998; Miller
.and Rawlings, 1994 . The following assumptions are consid-

ered about the prediction errors:
� The prediction errors are Normally distributed with zero

mean and covariance matrix V.
� Prediction errors corresponding to different sample times

are uncorrelated.
� Prediction errors corresponding to the m different mea-

surement types are uncorrelated.
� ŽThe prediction errors are homoscedastic error variance

.is independent of the magnitude of the measured variable .
Under these assumptions, it can be shown that the maxi-

mum likelihood method is equivalent to the minimization of

nm k
2� s n q1 ln e � 12Ž . Ž .Ž .Ý Ýbe k ik

ks1 is1

where n is the number of measurements of the kth type andk
e is the prediction error of the ith measurement of the kthik

ˆtype. Given the optimal model parameters � the maximum-
density estimate of the prediction variance for the k th mea-
surement type � 2 isˆk

nk 2 ˆÝ e �Ž .is1 i k2� s 13Ž .ˆk n q1k

An approximation of the spread of the posterior density
may be obtained by assuming that the model can be repre-
sented as linear in the parameters in the vicinity of the model
estimates. Linearization allows the determination of the Hes-
sian, H which describes the curvature of the distribution		

about the mode.
The confidence intervals for the model parameters may be

determined according to

2 y1ˆ	 f	 � 
 � H i , i 14Ž . Ž . Ž .'i i p 		

y1Ž . y1where H i, i is i, i element of H . The linear 95% confi-		 		

dence intervals are calculated according to Eq. 14 with �
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Figure 5. Temperature profile and full model fit for runs
14 and 15.

equal to 0.025. More detailed presentations of Bayesian in-
ference of parameters from data are given by Stewart et al.
Ž . Ž .1992, 1998 and Box and Tiao 1973 .

The kinetic parameters given in Eqs. 5 and 6 are estimated
from experimental data for xylene mixtures. The parameter
vector of the model has the form

k : growth rate constantg

g : growth rate order
� s 15Ž .

k : nucleation rate constantb

b : nucleation rate order

ŽThe sequential quadratic programming code NPSOL Gill et
.al., 1986 was used to solve this unconstrained optimization

problem.
Ž .The results for two runs 14 and 15 are presented in Fig-

ures 5 and 6. The parameter estimates and their 95% confi-
dence intervals are presented in Table 2. The temperature
data are reasonably well described by the model, which un-
derpredicts slightly at early times and overpredicts slightly for
latter times. The transmittance data are also well described

Žby the model in the region of single light scattering transmit-
.tance�74% . The parameter values are physically realistic.

Typically, in crystallization systems, b and g are of the order
of 0 to 3 whereas the rate constants k and k are only knownb g
to be positive. Second derivatives for calculating the Hessian
at the local optimum are difficult to obtain, because the ob-
jective function is essentially flat in at least one direction of

Figure 6. Transmittance profile and full model fit for
runs 14 and 15.

the parameter space. The Gaussian approximation to the
Hessian is used instead of second-order finite differences and
converges to a solution using a step size of 10y3 to 10y6. The
size of the confidence intervals suggests that the model is
overparameterized or there are insufficient data andror mea-
surement types to identify uniquely the four parameters.
Thus, revisions of the model are required.

Model Reduction: High Growth Rate Limit
The concentration measurements in Figure 4 show that the

bulk concentration of para-xylene is within GC experimental
error of the equilibrium concentration during the entire crys-
tallization run. We assume, therefore, the para-xylene growth
rate is large and rapid growth depletes any supersaturation in
the bulk of the crystallizer almost instantly and deposits the
para-xylene solid on the available crystals in the bulk and
nuclei scraped from the walls. We do not expect to be able to

Table 2. Parameter Estimates and Approximate 95% Confi-
dence Intervals from Temperature and Transmittance

Measured for Runs 14 and 15

Ž . Ž .ln k g ln k bg b

Ž .Estimate Run 14 y2.85 0.68 9.75 0.05
Interval �297 �37 �12 �6

Ž .Estimate Run 15 3.61 0.80 10.80 0.44
Interval �1000 �113 �14 �7
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operate this class of crystallizer outside of this high growth
regime.

In order to reduce the model and remove the large param-
eter k that is not estimable from these data, we take theg

Ž .limit k ™� and we know C™C T , which is verified ing sat
Figure 4. Given

ˆ ˆCsC T 16Ž . Ž .sat

and from Eq. 3, we have

ˆ ˆdC dC T �Ž .sat 2s sy3� k hG f L, t L dL 17Ž . Ž .Hc ®dt dt 0

The derivative of the saturation concentration with respect to
temperature can be found analytically from Eq. 1 and C ssat
100N, in which N is the mol fraction of para-xylene. Apply-
ing the chain rule and rearranging Eq. 17 results in the re-
duced growth rate expression

ˆy1 1 dC T dTŽ .sat
Gs 18Ž .ž /ž /3h� k � dT dts ® 2

where � is the second moment of the PSD. Randolph and2
Ž .Larson 1988 provide the steady-state version of the high

growth limit, which is discussed in the Appendix. Substituting
Eq. 18 into Eq. 4 results in

yUA TyT tdT Ž .j
�VC s 19Ž .p ˆdt � H dC TŽ .c sat

1y ž /�C h dTp

Substitution of Eq. 18 into Eqs. 10a and 10b results in the
following expressions for the moments

d�0
sB 20Ž .

dt

ˆd� 1 � dC T dTŽ .1 0 sat
sy 21Ž .ž /ž /dt 3h� k � dT dtc ® 2

ˆd� 2 � dC T dTŽ .2 1 sat
sy 22Ž .ž /ž /dt 3h� k � dT dtc ® 2

ˆd� 1 dC T dTŽ .3 sat
sy 23Ž .ž /dt h� k dT dtc ®

The initial derivatives for the first and second moments in
Ž .the reduced model are undefined because � 0 s0. Instead,i

values of the initial rate of change of first and second mo-
ments are evaluated analytically by taking the limit as step-size
tends to zero in an implicit Euler approximation resulting in

d�0
sB 24Ž .

dt ts 0

Figure 7. Temperature profile and reduced model fit for
runs 14 and 15.

1r32 ˆd� y B dC T dTŽ . Ž .1 sat
s 25Ž .ž /½ 5dt 6h� k dT dtts 0 ts 0c ®

2r3ˆ'd� y 2 B dC T dTŽ .2 sat
s 26Ž .ž /½ 5dt 3h� k dT dtts 0 ts 0c ®

Ž .and dTrdt N can be evaluated from Eq. 19. The nucle-ts0
ation rate does not change in the reduced model and still can
be calculated from Eq. 5. The growth rate is calculated from
Eq. 18. In the reduced model, only the nucleation rate pa-
rameters k and b are estimatedb

k : nucleation rate constantb� s 27Ž .
b : nucleation rate order

The results for runs 14 and 15 using the reduced model are
presented in Figures 7 and 8. The reduced model parameter
estimates and 95% confidence intervals are presented in
Table 3. The fit to the experimental data for the reduced
model is essentially identical to the fit for the full model veri-
fying the accuracy of the reduced model for this crystallizer.

Analysis of Confidence Regions for the Reduced
Model

The confidence regions for the reduced model for runs 14
and 15 are shown in Figure 9. Figure 10 shows the objective

November 2001 Vol. 47, No. 11AIChE Journal 2447



Figure 8. Transmittance profile and reduced model fit
for runs 14 and 15.

function near the respective optima. The objective surface
remains essentially flat in one direction and is steep in the
orthogonal direction. The shapes of the confidence regions
show that the parameters k and b are highly correlated.b
Again, the size of the intervals of the parameters in Table 3
and the confidence region suggest that either further model
revisions are required or a new experimental design is re-
quired.

Consider the high values for the nucleation rate k in Tableb
3 and the supersaturation at the wall shown in Figure 11. The
value for the supersaturation ratio at the wall is small and
does not change significantly throughout the run and is al-
most identical for both runs 14 and 15. Taking the product of
the supersaturation ratio raised to the power of b and a high

Table 3. Parameter Estimates and Approximate 95% Confi-
dence Intervals from Temperature and Transmittance Mea-
sured for Runs 14 and 15 and Simultaneous Fit of Simulated

Data and Run 15 Using Reduced Model

Ž .ln k bb

Ž .Estimate Run 14 24.99 7.80
Interval �45 �23

Ž .Estimate Run 15 21.71 5.94
Interval �16 �8

Ž .Estimate Simulated and Run 15 10.66 0.36
Interval �0.10 �0.06

Confidence regions are summarized in Figures 9 and 14.

Figure 9. Parameter approximate 95% inference re-
gions for runs 14 and 15 data using the re-
duced model.

rate constant results in a relatively constant value for the nu-
cleation rate B. Consider the expression for the rate of nu-
cleation

Bsexp ln k Sbsexp 	 S	 2 28w x Ž .Ž . Ž .b w 1 w

( )Figure 10. Objective function � contours and a por-be
tion of the 95% inference regions for runs 14
and 15 data.
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Figure 11. Supersaturation profiles at the wall pre-
dicted using the reduced model for runs 14
and 15.

ˆ ˆ ˆ
 w Ž .x4 w Ž .xin which S s CyC T t rC T t . For a truly constantw sat j sat j
nucleation rate experiment, the correlation would be

dBsB d	 qln S d	 s0 29w x Ž .Ž .1 w 2

so

d	 y12
s 30Ž .

d	 ln SŽ .1 w

Equation 30 is the value of the slope of the line that results
from the limit of the narrow ellipse as it becomes a line for
correlated parameters with a correlation coefficient of 1.0.
The value of the slope is calculated from the intervals from
Figure 9 and is compared with the predictions of the super-
saturation at the wall for both runs 14 and 15 in Figure 11
and Eq. 30. The values for the slopes of the ellipses obtained
from the inference regions for the reduced model for runs 14
and 15 are 0.51 and 0.50, respectively. The values for Eq. 30
from the model fits for runs 14 and 15 are both 0.56 and are
close to the values from the ellipses. We conclude that the
experiments were conducted with an approximately constant
nucleation rate and that is the cause of the parameter corre-
lation and is, therefore, not an informative experimental de-
sign.

Experimental Design
There are two options in which one can eliminate the pa-

rameter correlation. The first approach would be to make the
transmittance data more informative. In the high growth
regime, the parameters k and b only affect the transmit-b
tance predictions and the temperature predictions are unaf-
fected. If a single run is required to uniquely identify k andb
b, then the supersaturation must be significantly varied with
time during the run. The experiment would require that the
inlet jacket temperature slowly decrease from its initial tem-
perature of approximately 232 K and, then, while transmit-
tance is still greater than 74%, a rapid decrease to a lower
final temperature would create a large supersaturation at the
wall.

Figure 12. Temperature profile and reduced model fit
for run 15 and simulated data.

A second and simpler approach is to use two experiments
at constant but different supersaturations. The data from runs
14 and 15 and a second experiment in which the supersatura-
tion at the wall is different from the supersaturation at the
walls for runs 14 and 15 can be used to provide experiments
with varied supersaturations. A large supersaturation at the
wall can be generated, for example, by stepping the inlet
jacket temperature to its final temperature at the beginning
of the run. Simulated data of the crystallizer temperature and
transmittance responses are created by using a set of parame-

Ž .ters in the confidence region in Figure 9, namely ln k sb
10.74 and bs0.41, and an inlet jacket temperature of 220 K.
The temperature and transmittance responses for the simu-
lated data along with the simultaneous fit from run 15 are
shown in Figures 12 and 13. Notice that only few transmit-
tance points can be used for parameter estimation on these
rapid cooling profile experiments. The step in the inlet jacket
temperature results in a more rapid decrease in the crystal-
lizer temperature compared to run 15. The large supersatura-
tion created at the wall generates many nuclei quickly and so
the transmittance profile is steeper than the transmittance
profile for run 15.

The parameter estimation routine converged to a local op-
Ž .timum with parameters ln k s10.66�0.10 and bs0.36�b

Figure 13. Transmittance profile and reduced model fit
for run 15 and simulated data.
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( )Figure 14. Objective function � contours and thebe
95% inference region for run 15 and simu-
lated data.

0.06. The confidence region and objective surface are shown
in Figure 14. The original parameters that generated the sim-
ulated data are contained in the linear 95% confidence re-
gion. The objective surface shows that the two parameters in
the reduced model are much less correlated when two experi-
ments run with significantly different supersaturations are
used for parameter estimation.

Conclusions
This article has shown that the predictions of the identified

crystallizer models show good agreement with the tempera-
ture and light transmittance measurements for crystallization
of para-xylene in a batch pilot-scale SSC, assuming nucle-
ation occurs at the wall of the crystallizer, and growth occurs
in the bulk. The data show that the para-xylene crystalliza-
tion system is a high-growth rate process and the bulk super-
saturation is essentially zero at all conditions. Therefore, the
growth rate constant is assumed large and a reduced model is
derived. The nucleation order and the rate constant are the
only adjustable parameters in the reduced model. Good
agreement with all the data was also obtained with the re-
duced model, but the reduced model’s two parameters re-
main correlated. The correlation between the nucleation or-
der and rate constant is attributed to the near constant nu-
cleation rate in the available experiments. The parameters
can be largely decoupled and determined precisely in a single
experiment if data can be collected, while the supersatura-
tion at the wall is time-varying. Alternatively, repeated exper-
iments at constant but differing values of supersaturation can
be used. Given the available Amoco experiments and an ad-
ditional experiment with a step to a low inlet jacket tempera-
ture, simulated data show that the parameters are decoupled.
It is recommended that this temperature profile be imple-
mented in subsequent parameter estimation studies.

Alternative models can, of course, describe the nucleation
kinetics in the crystallizer. Using the data in this study, statis-
tical model discrimination techniques could be used to dis-
criminate between rival models, such as primary vs. sec-
ondary nucleation models. This topic could be the focus of
further research to understand the crystallization mechanism
occurring in an industrial SSC.
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Appendix: High Growth Limits for MSMPRs
Ž .Randolph and Larson 1988 discuss mixed suspension,

Ž .mixed product removal MSMPR systems in which the exit
ˆconcentration approaches C and the per pass yield is inde-sat

pendent of throughput, named ‘‘class II’’ systems. The au-
thors assume constant temperature and show that the growth

rate for this particular system is inversely proportional to the
surface area of crystals in suspension. Here we show that the
reduced model in the high growth limit in this study is a more
general form and does not necessarily need the constant tem-
perature assumption.

For the continuous case, Eq. 17 has the additional terms
for the inlet and exit streams

ˆ ˆ ˆ ˆdC dC T C C �Ž .sat in sat 2s s y y3� k hG f L, t L dLŽ .Hc ®dt dt 
 
 0

A1Ž .

Similar inlet and exit temperature terms are added to Eq. 19
for the energy balance. Rearranging Eq. A1 for growth rate
and noting the conversion between volume and area shape
factor 6k sk® a

ˆ ˆ ˆdC T C yCŽ .sat in sat
2 y½ 5dt 


Gs A2Ž .
y � k h�c a 2

ˆAssuming constant temperature so dC rdts0, Eq. A2 be-sat
Ž .comes Eq. 4.5-3 in Randolph and Larson 1988 .
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